Path algebra and domination problems on

graph products

Polona Pavli¢l'3  Janez Zerovnik!?

IIMFM 2FME 3ARRS
Jadranska 19  Askerleva 6
Ljubljana Ljubljana

Koper, Raziskovalni matemati¢ni seminar
January 14, 2013



Polygraphs
°

Polymers

Figure: The structure of a polypropilen. From: http://sl.wikipedia.org
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Polymers

Figure: The structure of a DNA molecule depending on its environment.
From: http://en.wikipedia.org
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Polygraphs

Definition. A polygraph Q, = Q,(G, ... Go; X1, ... X,) over mutually
disjoint monographs G, ..., G, has the vertex set

V(Q,) = V(G U...U V(G,),
and the edge set
E(Q,) =E(G)UX U...UE(G,)UX,,

where X; C V(G;) x V(Gjy1) fori=1,...,n and G,11 = Gy.
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Domination number

Definition. A set D C V of a graph G = (V/, E) is a dominating set, if
N[D] = V. The size of the smallest dominating set of a graph is the
domination number, ~(G).
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Domination number

Definition. A set D C V of a graph G = (V/, E) is a dominating set, if
N[D] = V. The size of the smallest dominating set of a graph is the
domination number, ~(G).

@ independent domination number, ;(G);
@ total domination number, v;(G);
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Roman domination number

Definition. (Cockayne, Dreyer, S. M. and S.T. Hedetniemi, 2004)

A Roman dominating function (RDF) of a graph G is a function

f: V(G) — {0,1,2} such that every vertex u, for which f(u) =0, is
adjacent to at least one vertex v, for which f(v) = 2. The weight of a
Roman dominating function is the value

w(f)= > f(v).

veV(G)

The minimum weight of a Roman dominating function of a graph G is
called Roman domination number, vg(G).



Domination problems
ooe

O o
[
@ @ O o &)
[
O @)

Figure: A v-set and a yg-function of Si g.
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Algorithms for the domination problems

Theorem. (Johnson, 1979)
DOMINATING SET is NP-complete.

Proof. Reduction from 3-SAT.
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@ bipartite graphs (Chang et al., 1984), chordal graphs (Booth and
Johnson, 1985),...
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Algorithms for the domination problems

Theorem. (Johnson, 1979)
DOMINATING SET is NP-complete.

Proof. Reduction from 3-SAT.

Still NP-complete for

@ bipartite graphs (Chang et al., 1984), chordal graphs (Booth and
Johnson, 1985),...

@ other domination types.
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Path algebra

A set P together with two binary operations & and o:
© (P,®) is closed, associative and commutative with e® as a unit;
@ xPx=xforall x e P.
© (P, o) is closed and associative with e° as a unit;
@ o is left— and right—distributive over &@;

© forevery x € P, xo0e® =e® = e®ox;
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Path algebra

Examples of path algebras:

@ P, = ({0,1},max, min,0,1); +— Boolean algebra
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Examples of path algebras:
@ P, = ({0,1},max, min,0,1); +— Boolean algebra
e’ 15 ::(FQOIJ {——oo},rnax,—k,——oo,O)
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Path algebra

Examples of path algebras:
@ P, = ({0,1},max, min,0,1); +— Boolean algebra
@ P, = (No U {—oc0}, max, +, —00,0);
© P; = (NgU{oo}, min,+,00,0). «— Tropical semiring
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Matrix with elements of a path algebra

M,(P)... nx n matrices over P, where P = (P, ®,0,e%, e°).
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Matrix with elements of a path algebra

M,(P)... nx n matrices over P, where P = (P, ®,0,e%, e°).
(A Dm B),-j = A,'j D B,j,

(A om B)U = @A;kOBkj.
k=1
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Matrix with elements of a path algebra

M,(P)... nx n matrices over P, where P = (P, ®,0,e%, e°).

(AemB)j = A;® By,
(A om B)U = @A;kOBkj.
k=1

Observation: M ,(P) equipped with above operations is a path algebra
with the zero and the unit matrix as units of semiring.
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Example: P = (NyU {oc}, min, +, 00, 0).

@ (Ao B)j = mink=1, . n{Aik + By}

@ The zero matrix:

00 0 ... 00
(00 o0 00 |

@ The unit matrix: ~ _
0 o o0

oo 0 (%)

(00 0 0 |
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Labeled digraphs

@ A digraph G, V(G) ={vi,va,..., o}
@ A path algebra P = (P, ®,0,e%, €°);
@ (: E(G) — P a labelling.

L(vi,vj); if (vi,v;)is an arc of G
A(G)); = o o
(A(6)); {e@; otherwise
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Labelling on walks

For a walk Q@ = (vi,, vi,)(Vi, Vip) - - - (Vie_,, v, ) Of G let

E(Q) = E(V,'O, V,'l) OK(V,'I, Viz) O... of (Vik—17 V,'k) .
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Labelling on walks

For a walk Q@ = (vi,, vi,)(Vi, Vip) - - - (Vie_,, v, ) Of G let
E(Q) :E(V,'O,V,'l)OK(V,'I,V,'Z)O...OZ(V,'kil,V,'k) .

Observation: Let S be the set of all walks of order k from v; to v; in G.
Then

(A(6)), = D UQ).

Qesg
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The algorithm

Different graph invariants (Klavzar and Zerovnik, 1996)

Let wp(G; X) be a rotagraph and ¢,(G; X) a fasciagraph. Define a
labeled digraph G = G(G; X):
@ V(G)... subsets of DUR;

@ E(G)... between vertices that are not in "conflict".
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@ E(G)... between vertices that are not in "conflict".

@ Select appropriate path algebra and define labeling: ¢ : E(G) — P.
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The algorithm

Different graph invariants (Klavzar and Zerovnik, 1996)
Let wp(G; X) be a rotagraph and ¢,(G; X) a fasciagraph. Define a
labeled digraph G = G(G; X):
@ V(G)... subsets of RU D;

@ E(G)... between vertices that are not in "conflict".

@ Select appropriate path algebra and define labeling: ¢ : E(G) — P.
@ Form A(G) and in M(P) calculate A(G)".
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The algorithm

Different graph invariants (Klavzar and Zerovnik, 1996)
Let wp(G; X) be a rotagraph and ¢,(G; X) a fasciagraph. Define a
labeled digraph G = G(G; X):
@ V(G)... subsets of RU D;

@ E(G)... between vertices that are not in "conflict".

@ Select appropriate path algebra and define labeling: ¢ : E(G) — P.
@ Form A(G) and in M(P) calculate A(G)".

© Among admissable coefficients of A(G)” select one that optimizes
the corresponding goal function.
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The algorithm

Different graph invariants (Klavzar and Zerovnik, 1996)
Let wp(G; X) be a rotagraph and ¢,(G; X) a fasciagraph. Define a
labeled digraph G = G(G; X):
@ V(G)... subsets of RU D;

@ E(G)... between vertices that are not in "conflict".

@ Select appropriate path algebra and define labeling: ¢ : E(G) — P.
@ Form A(G) and in M(P) calculate A(G)". «— O(log n)

© Among admissable coefficients of A(G)” select one that optimizes
the corresponding goal function.
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The domination number

Define a labeled digraph G = G(G; X):
@ V(G)... subsets of RU D;
@ E£(G)... all possible;

@ Path algebra: a tropical semiring (No U {oc}, min, +, 00, 0).
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The domination number

Vi, Vj) = [Vin R +7:(GX) + DN Vj| = [Vin RN DN V|
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The domination number

(A(G)?),, = min{(Vi, Vi) + £V, V3) + £V, V)}
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The domination number

v (wa(G; X)) = mlin (AG)"),-
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The domination number

v (wn(G? X)) = (A (g)n)oo
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Results

@ Other domination - type invariants;
@ Time complexity;
@ Space complexity;

@ Implementation to get some closed expressions.
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The Roman domination number

o V(G)={(Vi,W) [ Vi, W; C U,Vin W, =0}
RAViNW,ND=0

and
RNAW,NV,NnD =10

@ Path algebra: a tropical semiring (Nog U {co}, min, +, 00, 0).



Results

0e00

The Roman domination number

Lvi,v)) = RN Vi|+ 2RO W[+ |V;NnD|+2|W;N D|—
—IRNV;NnV;ND|=2|RNW;NW;ND|+ g, (G; X).




The Roman domination number

Then
TR (¥n(G: X)) = (A(9)") o

and

TR (wn(G; X)) = min (A (g)n)ii'
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Algorithm The Roman domination number

@ For a path algebra select P = (No U {00}, min, +, 00, 0).
@ Label G = G(G; X) as defined above.
© In M(P) calculate A(G)".
O Let & (¥n(G: X)) = (A(G)") 4 and
IR (wn(G; X)) = min; (A(G)")

i
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Theorem. (-, Zerovnik, 2012) The Algorithm correctly computes the
Roman domination number of rotagraphs and fasciagraphs:

YR (¥n(G; X)) = (A(9)") 40

V& (wn(G; X)) = min (A(G)")

i n

in O(log n) time.
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Time complexity

Theorem. (-, Zerovnik, 2012) Let A € M,(P), where

P = (NoU {0}, min, +,0,0) is a path algebra. Let N = |V(G(G; X)),
K =|V(G)| and a = max{ao,...,a/}. Then there is an index

g < (2aK + 2)"’2 such that A9 = AP + C for some index p < g and some
constant matrix C = [C]U Let P=q — p. Then for every r > p and

every s > 0 we have
AP — AT 1 sC
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Time complexity

AP
| C C C 1
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Space complexity

YR (¥n(G; X)) = (A(9)") 40
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Space complexity

YR (¥n(G; X)) = (A(9)") 40

Ag; = min {A + Ak}
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Space complexity

TR (Yn(G; X)) = (A(9)") 4o
Ay = min {AG" + A}

Lemma. (-, Zerovnik, 2012) Assume that the j—th row of A"*F and A"

differ for a constant, aj’}+P = aj’-} + C for all i. Then
. n+P __ . n
min; ai"" = min; aj + C.
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Space complexity

Lemma. (-, Zerovnik, 2012) Let A= AP + C and P = g — p. Then for
every t € 0,1,...,P — 1 there is a constant C; such that forall n>p
with t = (n — p) (mod P) we have

1R(¥n(G: X)) — 1r(wn(G; X)) = C.
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Conclusion

Corollary. (-, Zerovnik, 2012) The domination number and its varieties
of fasciagraphs and rotagraphs can be computed in constant time, i.e.
independently of the size of a monograph G.
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k ~7(Pa0C)

, [3]+1 ifn=0 (mod )
’(¥—‘; otherwise
4 n
3; ifn=2
5 4; ifn=3
n+2; otherwise
’77"—‘; ifn =1 (mod 3)
6 4n

+1; otherwise

3
301 41; ifn=1 (mod2)
+2; otherwise
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k ¥(POC)
4, ifn=2
6; ifn=3
8 8; ifn=14
%” +1; if n =5 (mod 10)
%" + 2; otherwise
° 2n+1; ifn=2,3
2n+2; otherwise
2n + 2; ifn<5
10 2n + 3; if6 <n<9
2n+4 otherwise
1 % +1; ifne {1,2,4,6} or n =3 (mod 8)
19n

+ 2; otherwise

]
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k ~v(CaOPy) Y(CaOCk)
3 3
3 (%] (%]
n+1; if n € {5,9}
4 n
n; otherwise
4 ifn=3 n; if n =0 (mod 5)
5 {%"—I +1;, ifn=3,59 (mod 10) n+2; if n =3 (mod 5)
IV%" ; otherwise n+1; otherwise
2 =0 P"-| 1 2,3,8,9 (mod 18)
= | +L n=23,8, mo
[1‘7’—”W+1; n=26,7,9 3
6

11,14,15,17 (mod 18)

13 (mod 14) N )
10n . IVT"-‘ H otherwise
[ = “; otherwise
o =3 ]; n=0,59 (mod 14)

16; ifn=9
if n=21
’V@-‘ H otherwise

+2; n=2,8,12 (mod 14)

+1; otherwise

~
@
o
N9 g ——
— 1 Ng




Yr(PaOP)

Yr(PaOCk)

n+1

+2 if n =3 (mod 4)
+

1; otherwise

NS g

2]

2n +1; ifne {1,2,3,5,6}

2n; otherwise

8; ifn=3
L%J + 2; otherwise

2n+2

-
IS

-

S o
5

“

+2; ifn<50rn=0,3,4 (mod 5)

+3; otherwise
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k YrR(PaOPy) TR(PADCH)
L%J+2; ifne{1,2,4,7}
3n 4 2; if n € {1,2,4}
7 orn =0 (mod 5)
1 3n+ 3; otherwise
LT”J +3; otherwise
9; ifn=2
8: ifn=2
16: ifn=4 7n f
. ol +2;, ifne {3,4,8
Bl 14 ifn=3 (mod5) ; { :
77n +3; otherwise

—
0 o
5

+3; otherwise

o




Yr(C,OP) YR(CaOC)
5; n=3
%—‘ ; ifn=0,1 (mod 4) ’7372”-|
%-‘ +1 otherwise
7 ifn=3
2n
2n; otherwise
(% 11, ifn=2 (mod5) 2n; ifn=0 (mod 5)
12"—I H otherwise 2n+ 2; otherwise

=

if n =0 (mod 5)
if n =4 (mod 5)

otherwise

00 ——

g o

8n
3

|

?]
+1;
+2

if n=3,5,8,11,13,17 (mod 18)
if n =4 (mod 5)

otherwise
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Thank you for your attention!



	Polygraphs
	Domination problems
	Path algebra
	The algorithm
	Results
	Implementation

