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Rose windows graphs - definition
Rose window graphs

For an integer n > 3 and integers 1 < a,r < n—1, r # n/2, the
Rose Window graph R,(a, r) has vertex set V = {A;, B | i € Zn}
and four types of edges:

Stefko Miklavie Automorphism groups of non-edge transitive Rose Windows grap



Rose windows graphs - definition
Rose window graphs

For an integer n > 3 and integers 1 < a,r < n—1, r # n/2, the
Rose Window graph R,(a, r) has vertex set V = {A;, B | i € Zn}
and four types of edges:

e Rim edges {{Ai,Ait1} | 7 € Zn};

@ In-Spoke edges {{A;, Bi} | i € Zn};

@ Out-Spoke edges {{B;j, Aita} | i € Zn};
@ Hub edges {{Bj, Bi+r} | i € Zp}.
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Rose windows graphs - definition
Rose window graphs

For an integer n > 3 and integers 1 < a,r < n—1, r # n/2, the
Rose Window graph R,(a, r) has vertex set V = {A;, B | i € Zn}
and four types of edges:

o Rim edges {{Ai,Aix1} | i€ Zpn};

@ In-Spoke edges {{A;, Bi} | i € Zn};

@ Out-Spoke edges {{B;j, Aita} | i € Zn};

@ Hub edges {{Bj, Bi+r} | i € Zp}.
All arithmetics with a, r and vertex subscripts is assumed to be
done in Z,. Note that R,(a,r) = Rn(a,—r).
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Rose windows graphs - definition

Rose window graphs

@ Introduced by Steve Wilson in 2008

e Motivation: maps, generalization of GPG(n, r)
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Rose windows graphs - definition

Rose window graphs - general problem

Given n, a, r, find the automorphism group of R,(a,r). J
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let G be the automorphism group of R,(a, r). Definep:V — V
and V. — V by

p(A)=Ai1 and p(B)=Biv1 (i €Zy),
u(Ai)=A_; and pu(Bi)=B_,; (i € Zn).
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let G be the automorphism group of R,(a, r). Definep:V — V
and V. — V by

p(A)=Ai1 and p(B)=Biv1 (i €Zy),
u(Ai)=A_; and pu(Bi)=B_,; (i € Zn).

Note that p, u € G, and therefore (p, u) < G. The action of {p, u)
on the set of edges of R,(a, r) has three orbits: the set of rim
edges, the set of hub edges and the set of spoke edges.
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let R,(a, r) denote a Rose Window graph. Then the following
(i)—(iii) are equivalent:
(i) Rn(a,r) is edge-transitive.

(ii) There is an automorphism of R,(a, r) which sends a rim edge
to a spoke edge.

(iii) There is an automorphism of Ry(a, r) which sends a spoke
edge to a hub edge.
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Rose windows graphs - definition

Rose window graphs - automorphism group

Theorem

Let Ry(a, r) denote a Rose Window graph and let G be its group
of automorphisms. Then there exists 0 € G sending rim edges to
hub edges and vice-versa if and only if one of the following (i), (ii)
holds:

(i) r> =41 (mod n) and ra = ta(mod n), where t € {—1,1};
(ii) n is divisible by 4, a = n/2 and (r?> + n/2) = £1 (mod n).
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let N = gcd(n, r) denote the number of “inner” cycles of R,(a, r),
and let L = n/N denotes the length of these inner cycles. Assume
for a moment that nis even. For 0 < ¢ <n/2—1 let

oy = (Be, Byynj2)-
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let N = gcd(n, r) denote the number of “inner” cycles of R,(a, r),
and let L = n/N denotes the length of these inner cycles. Assume
for a moment that nis even. For 0 < ¢ <n/2—1 let

oy = (Be, Byynj2)-
ForO0</< N-—1let

Be = (B, B€+n/2)(BZ+N7 Bz+N+n/2) T (B€+n/2fN7 Beinn)-
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let N = gcd(n, r) denote the number of “inner” cycles of R,(a, r),
and let L = n/N denotes the length of these inner cycles. Assume
for a moment that nis even. For 0 < ¢ <n/2—1 let

oy = (Be, Byynj2)-

ForO0 </ < N—1let

Be = (Be, Biwny2)(Bean, Boynans2) -+ (Brgnja—ns Bevn—n)-
For0 </ < N/2—1let

Ye = (Bey Beyns2)(Beans Boyngng2) -+ (Bexn—nNs Bignnn/2)-
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let Ry(a, r) denote a Rose Window graph and let G be its group
of automorphisms. Assume n is even. Then the following (i)-(iii)
hold.

(i) ap = plagp=t for0 < £ < nj2 —1.
(ii) B = p’Bop for0 <L < N —1.
(iii) ve = plyopt for0 <L < N/2 — 1.
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Rose windows graphs - definition

Rose window graphs - automorphism group

Lemma

Let Ry(a, r) denote a Rose Window graph. Assume n is even and
a = n/2. Then the following (i)-(iii) hold.
(i) If L =4 then ay is an automorphism or Rn(n/2,r) for

0<¢<n/2-1.

(i1) If L is even, then [3; is an automorphism or R,(n/2,r) for
0<(<N-1.

(iii) If L is odd then ~y; is an automorphism or R,(n/2,r) for
0<¢<N/2-1.
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Rose windows graphs - definition

Rose window graphs - automorphism group

Lemma

Let R,(a,r) denote a Rose Window graph and let G be its group
of automorphisms. Let G4 be the point-wise stabiliser of
{Ao, A1, ...,An—1} in G. Then the following (i)—(iv) hold.

(i) If a# n/2 then G4 is trivial.

(ii) ifa=n/2 and L =4, then G4 = (ap, a1, ... Qpja_1).-
(iii) Ifa=n/2, L is even and L # 4, then G4 = (B0, 1, - - Bn—1)-
(iv) Ifa=n/2 and L is odd, then G4 = (70,71, - - .7N/2_1>.
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Rose windows graphs - definition

Rose window graphs - automorphism group

Lemma

Let Ry(a, r) denote a Rose Window graph and let G be its group
of automorphisms. Let Gy 4y be the set-wise stabiliser of
{Ao,A1,...,An_1} in G. Then the following (i)—(iv) hold.

(i) If a# n/2 then Gy a3 = (p, 11).

(ii) Ifa=n/2 and L = 4, then G4y = (p, i1, 20).
(iii) Ifa=n/2, L is even and L # 4, then G4 = {p, i1, Bo)-
(iv) Ifa=n/2 and L is odd, then Gg 4y = (p, i1,70)-
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Rose windows graphs - definition

Rose window graphs - automorphism group

Corollary

Let R,(a,r) denote a Rose Window graph and let G be its group
of automorphisms. Assume G has three orbits on edge-set of
Rn(a, r) (that is, R(a, r) does not satisfy non of the conditions (i)
and (ii) of Theorem 2). Then the following (i)—(iv) hold.

(i) Ifa+# n/2 then G = (p, ).

(ii) Ifa=n/2 and L = 4, then G = (p, i, ).

(iii) Ifa=n/2, L is even and L # 4, then G = (p, i, o).
) Ifa=n/2 and L is odd, then G = (p, u,Y0).

(iv
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let Ry(a, r) denote a Rose Window graph and let G be its group
of automorphisms. Assume a # n/2, r?> = £1 (mod n) and

ra= —a(mod n). Then G = (p, j1,0), where § is defined by
(5(A,) = Bri and (5(3,) = Ari-
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Rose windows graphs - definition

Rose window graphs - automorphism group

Let R,(a, r) denote a Rose Window graph and let G be its group
of automorphisms. Assume a = n/2, r> = +1 (mod n) and
ra=—a(mod n). Then G = (p, i, Bo,9).
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Rose windows graphs - definition

Rose window graphs - automorphism group

Assume n is divisible by 4, r is odd, a = n/2 and
(r?>+n/2) = £1(mod n). Then G = {p, u, Bo,7), here v is defined
by v(A;i) = Byi and ¥(B;) = A(r4nj2)i-
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