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Some graph families

Definition
Let V="7m X Zpn, « € Z3,, and So, ...,Sm C Zp such that a™S; = S;,
i € Zy. Define an (m,n,a, S, ..., Sm)-metacirculant graph

r=r(m,n,a So,...,Sm) by V(I') = Zm x Z, and
E(N) = {(€.)), (£ +1,k)): k —j € a'S;}.
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Definition

Let V="7m X Zpn, « € Z3,, and So, ...,Sm C Zp such that a™S; = S;,
i € Zy. Define an (m,n,a, S, ..., Sm)-metacirculant graph
r=r(m,n,a So,...,Sm) by V(I') = Zm x Z, and

E(N) = {(£,), (£ +i,k)) : k—j € a'S;}.

(0,3) (0,2)

Figure : The Petersen graph is a (2,5,2,{1,4}, {0})-metacirculant
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Some graph families

Let o € Z},. Define p, 7 : Zipy X Zip v Zim X Zp by p(i,j) = (i,j+ 1) and
(i) = (i + 1, o).
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7(i,j) = (i + 1, aj). Metacirculant graphs were introduced in 1979 by
Alspach and Parsons, and they gave the following algebraic
characterization of metacirculant graphs:
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Some graph families

Let o € Z},. Define p, 7 : Zipy X Zip v Zim X Zp by p(i,j) = (i,j+ 1) and
7(i,j) = (i + 1, aj). Metacirculant graphs were introduced in 1979 by
Alspach and Parsons, and they gave the following algebraic
characterization of metacirculant graphs:

A digraph T is an (m, n,c, So, . .. Sm)-metacirculant digraph if and only if
(p, ) < Aut(T).

Marusi¢ characterized (g, p)-metacirculant digraphs:

A vertex-transitive digraph I of order qp, q and p distinct primes, is
isomorphic to a (q, p)-metacirculant digraph if and only if Aut(I") contains
a normal intransitive subgroup with orbits of size p.
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Some graph families

Definition

Let G be a transitive group acting on X. A subset B C X is a block of G
if whenever g € G, then g(B)N B =0 or B. If B = {x} for some x € X
or B= X, then B is a trivial block. Any other block is nontrivial, and
then G is imprimitive. If G is not imprimitive, we say that G is primitive.
Note that if B is a block of G, then g(B) is also a block of B for every

g € G, and is called a conjugate block of B. The set of all blocks
conjugate to B, denoted B, is a partition of X, and B is called a complete
block system.

v
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A common way of finding a complete block system of a transitive group is
to find an normal intransitive subgroup:
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Definition

Let G be a transitive group acting on X. A subset B C X is a block of G
if whenever g € G, then g(B)N B =0 or B. If B = {x} for some x € X
or B= X, then B is a trivial block. Any other block is nontrivial, and
then G is imprimitive. If G is not imprimitive, we say that G is primitive.
Note that if B is a block of G, then g(B) is also a block of B for every

g € G, and is called a conjugate block of B. The set of all blocks
conjugate to B, denoted B, is a partition of X, and B is called a complete
block system.

v

A common way of finding a complete block system of a transitive group is
to find an normal intransitive subgroup:

Let G be a transitive group acting on X. If NG, then the orbits of N
form a complete block system of G.
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Some graph families

One can then rephrase Marugi¢'s characterization of (g, p)-metacirculant
graphs as follows:
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One can then rephrase Marugi¢'s characterization of (g, p)-metacirculant
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of a normal subgroup.

We should point out that not every complete block system of a transitive
group is necessarily formed by the orbits of a normal subgroup.
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Some graph families

One can then rephrase Marugi¢'s characterization of (g, p)-metacirculant
graphs as follows:

A graph of order pq is isomorphic to a (q, p)-metacirculant graph if and
only if there exists a transitive subgroup of its automorphism group that
admits a complete block system with blocks of size p formed by the orbits
of a normal subgroup.

We should point out that not every complete block system of a transitive
group is necessarily formed by the orbits of a normal subgroup. The
automorphism group of the line graph of the Petersen graph is the most
well-known such group.
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Some graph families

Usually a projective point in g is simple a line through the origin (that
is, all scalar multiples of a nonzero vector).
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Some graph families

Usually a projective point in g is simple a line through the origin (that
is, all scalar multiples of a nonzero vector). Here, we will consider a
projective point to be all of the nonzero vectors in a one dimensional
subspace, and so each projective point will consist of g — 1 vectors. Notice
that if n = 2, there are g + 1 projective points, and it is traditional to
identify the projective points with elements of F, U {oo} in the following
way. The nonzero vectors in the one-dimensional subspace generated by
(1,0), will be identified with co. Any other one-dimensional subspace is
generated by a vector of the form (c,1), where ¢ € Fox. The nonzero
vectors in the one-dimensional subspace generated by (c, 1) will be
identified with c.

Ted Dobson Graphs of order pgq



Some graph families

Definition

Let g =29, and m a divisor of ¢ — 1. Let S C Z}, such that
—S={-s:s€S8} =S5, and UCZp. Let w € Fy generate Fy. Then
X(a, m,S, U) is the graph with vertex set

V(X(a,m,S,U)) =PG(1,q) X Zm,
the neighbors of (oo, r) € V(X) are
{(co,r+5):seSYU{(y,r+u):y e€Fq,ue U},

and the neighbors of (x,r) € V(X), x € Fq are

{(x,r+5s),(co,r —u),(x +w',—r+u+2i):s€S,i€Zyuc U}

These graphs are the Marusié-Scapellato graphs.

v
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Some graph families

Marusi¢ and Scapellato in 1993 showed that
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Some graph families

Marusi¢ and Scapellato in 1993 showed that

Let m > 1 be a divisor of 2K — 1. A graph X is a nontrivial generalized
orbital graph of an imprimitive representation of SL(2,2%) with blocks of
size m if and only if X is a Marusi¢-Scapellato graph.
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Some graph families

Marusi¢ and Scapellato in 1993 showed that

Let m > 1 be a divisor of 2K — 1. A graph X is a nontrivial generalized
orbital graph of an imprimitive representation of SL(2,2%) with blocks of
size m if and only if X is a Marusi¢-Scapellato graph.

They also proved the following concerning the suborbits of SL(2,2%) in the
above imprimitive action:

SL(2,2%) has m suborbits of length 1 and m suborbits of length 2%.
Additionally, if S is a suborbit of SL(2,2K) with respect to x € oo, then for
every projective point ¢ € PG(1,2K) with ¢ € Fox, we have |S N c| = 1.

Ted Dobson Graphs of order pg



Some graph families

AN

Dl

Figure : The line graph of the Petersen graph
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Some graph families

Here is the classification of vertex-transitive graphs of order pg as given by
Marusi¢ and Scapellato:
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Here is the classification of vertex-transitive graphs of order pq as given by
Marusi¢ and Scapellato:

Theorem

Let T be a vertex-transitive graph of order pq. Then exactly one of the
following is true:
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Let T be a vertex-transitive graph of order pq. Then exactly one of the
following is true:

e [ is isomorphic to a metacirculant graph,
e [ is isomorphic to a Marusié-Scapellato graph with ) < U < Zp,, or

e every minimal transitive subgroup of Aut(I) is primitive and T is
known.
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Some graph families

Here is the classification of vertex-transitive graphs of order pg as given by
Marusi¢ and Scapellato:

Theorem
Let T be a vertex-transitive graph of order pq. Then exactly one of the
following is true:

e [ is isomorphic to a metacirculant graph,
e [ is isomorphic to a Marusié-Scapellato graph with ) < U < Zp,, or

e every minimal transitive subgroup of Aut(I) is primitive and T is
known.

So, Marusi¢ and Scapellato's classification is in terms of a minimal
transitive subgroup of the automorphism group of the graph.
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Some graph families

Table : Automorphism groups G of vertex-primitive graphs of order pq

pq G soc(G)
Pq SPa AP
p(p —1)/2 sP AP
plp +1)/2 sptt Aptl
4+ 1)t +1) 0% (2d,2) QF(2d,2)
(k+1)(K2 +1) PrS,(4, k) PSp(4, k)
q(q®> +1)/2 PYL(2, k%) PSL(2, k%)
p(p £1)/2 PSL(2, p) PSL(2, p)
3.7 PGL(2,7) PGL(2,7)
5.7 s7 A7
5.7 PrL(4,2) PSL(4,2)
5.11 PGL(2,11) PGL(2, 11)
7-11 Aut(Map) Mpo
5.31 PrL(s, 2) PSL(5,2)
7.29 PSL(2, 29) PSL(2, 29)
11-23 PSL(2, 23) PSL(2, 23)
29 . 59 PSL(2, 59) PSL(2, 59)
31-61 PSL(2, 61) PSL(2, 61)
3.19 PSL(2, 19) PSL(2, 19)
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Some graph families

Theorem

Let G = PSL(2,r?) act on the cosets of an isomorphic copy of PGL(2, r)
in G. If r=1 (mod 4), then G has

e 1 suborbit of length r(r — 1)/2,

o 1 suborbit of length r> — 1,

e (r —5)/4 suborbits of length r(r — 1),
e (r —1)/4 suborbits of length r(r + 1).

If r =3 (mod 4), then G has

e 1 suborbit of length r(r +1)/2,

o 1 suborbit of length r> —1,

e (r —3)/4 suborbits of length r(r — 1),
@ (r —3)/4 suborbits of length r(r +1).
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Some graph families

What about the classification of Praeger, et al?
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Some graph families

What about the classification of Praeger, et al?

@ It produces all vertex-transitive graph whose automorphism group is
primitive, as well as every edge-transitive and vertex-transitive graph
whose automorphism group is imprimitive.

@ This does produce a classification as every vertex-transitive graph can
be written as an edge disjoint union of graphs that are also
edge-transitive (but doing that is then left to the reader!).

© They do list all the graphs in their classification which are Cayley
graphs, but do not determine which graphs with primitive
automorphism group are in the other two categories - which Marusi¢
and Scapellato do.

@ They produce the full automorphism groups of every graph in their
classification, which Marusi¢ and Scapellato do not.
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Some graph families

Both of the classifications use a classification of primitive groups of degree
mp, m < p, completed by Liebeck and Saxl.
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Additionally, Praeger et al miss some primitive representations of M3 of
degree 11 - 23 that are on the list of Liebeck and Saxl.
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degree 11 - 23 that are on the list of Liebeck and Sax|. Marusi¢ and
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Some graph families

Both of the classifications use a classification of primitive groups of degree
mp, m < p, completed by Liebeck and Sax|. Apparently it contains an
error, and both classifications miss some graphs as a consequence.
Additionally, Praeger et al miss some primitive representations of M3 of
degree 11 - 23 that are on the list of Liebeck and Sax|. Marusi¢ and
Scapellato showed such graphs are metacirculant. These errors have been
replicated elsewhere in the literature.
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Some graph families

Other Related Work:
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Some graph families

Other Related Work:

@ Full automorphism groups of all vertex-transitive graphs are known

@ Similar result for digraphs
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Some graph families

Other Related Work:

@ Full automorphism groups of all vertex-transitive graphs are known
@ Similar result for digraphs

@ All 1/2-transitive graphs of order a product of two distinct primes as
a consequence of (1).
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Some graph families

Open Problems!
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Some graph families

Open Problems!

e Find full automorphism groups of Marugi¢-Scapellato graphs.
Probably not a good problem for students here as will take detailed
knowledge of the classification of the finite simple groups. But it's
still an open problem.

o Complete the classification! What? Neither classification gives a way
of determining whether a given graph within a class is being repeated.
In other words, the isomorphism problem needs to be solved within
each class. This was done a while back for metacirculant graphs, and
| think recently for Marugi&-Scapellato graphs. Other families remain,
and to my knowledge no one has ever thought about those
isomorphism problems (so they might be easy!).
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